Abstract-Constructions of space-time codes having amplitudemodulated phase-shift keying (AM-PSK) constellations are presented in this paper. The first construction, termed -radii construction, is obtained by extending Hammons' dyadic dual-radii construction to the cases when the size of the constellation is a power of a prime 2. The resultant code is optimal with respect to the rate-diversity tradeoff and has an AM-PSK constellation with signal points distributed over -concentric circles in the complex plane, i.e., there are radii. Also contained in this paper is the identification of rich classes of nontrivial subset-subcodes of the newly constructed space-time codes and it is shown that these subset-subcodes are again, all optimal. Finally, a new generalization of the super-unified construction by Hammons is presented. It is shown that codes obtained from several previously known constructions are subset-subcodes of the one derived from this generalized construction.
On Constructions of Algebraic Space-Time
Codes With AM-PSK Constellations Satisfying Rate-Diversity Tradeoff
I. INTRODUCTION
A N space-time code [1] - [3] is a set of complex-valued matrices designed specifically for a multiple-input multiple-output (MIMO) wireless communication system equipped with transmit antennas. The MIMO channel is assumed to be a quasi-static Rayleigh-fading channel with quasi-static interval . We will assume throughout this paper that . Entries of the matrices are drawn from some signal constellation . Targeting at minimizing the maximal pairwise error probability (PEP), it was shown by Guey et al. [2] and by Tarokh et al. [3] that the transmit diversity gain achieved by a space-time code is (1) Another benchmark for assessing the performance of a space-time code design is the coding gain in [3] . The coding gain of a space-time code with transmit diversity gain is defined as the minimum of the square of the geometric mean of the nonzero singular values of the difference matrix along the pairs of distinct code matrices with the minimum difference rank . To obtain a better error performance, in general both the transmit diversity gain and the coding gain are desired to be made as large as possible, while the main goal to be achieved is to obtain the diversity gain, which is generally maximized prior to considering the coding gain. Space-time codes achieving the maximal possible diversity, i.e., , are particularly termed fully diverse space-time codes [3] .
Following [3] , we define the symbol rate of a space-time code as the number of transmitted symbols per channel use (2) Given the transmit diversity gain , it is shown in [3] , [4] that the symbol rate cannot exceed , governed by the Singleton bound arguments [4] . Equivalently, space-time codes with -ary signaling and transmit diversity gain cannot have size greater than . Thus, for any space-time codes with finite signal constellation we have the following tradeoff between the symbol rate and transmit diversity , termed rate-diversity tradeoff [4] , [5] :
Space-time codes with symbol rate meeting this upper limit, i.e.
, are termed optimal and constructions related to this optimal tradeoff can be found in [4] - [9] .
It should be noted that the rate-diversity tradeoff (3) was obtained under the constraint of a fixed signal constellation, meaning that entries of the code matrices must be drawn exactly from . If this is not the case, then it is in fact possible to have space-time codes that achieve simultaneously full rate and full diversity gain . For instance, by working directly over the complex field, Ma and Giannakis [10] provide a space-time precoder that achieves maximal diversity with full rate. Other works related to this line of research include [11] - [15] . Recently, instead of working on the PEP, Zheng and Tse [16] took a further step by considering the diversity gain in terms of the codeword error probability achieved by any space-time codes, and provided a different viewpoint of how one can trade diversity gain for increased rate of information transmission. Such tradeoff is commonly referred to as the diversity-multiplexing tradeoff and several constructions 0018-9448/$20.00 © 2006 IEEE [17] - [21] are known to achieve this tradeoff at the expense of requiring either linear or nonlinear combinations of signal points. While the additional cost on signal combinations is not entirely a disadvantage from the system design viewpoint, for obvious reasons, in this paper we will focus on constructing codes with fixed signal constellations that are optimal with respect to the rate-diversity tradeoff (3).
A. Unified Construction for Optimal Space-Time Codes
Following the work on fully diverse algebraic space-time codes with binary and quaternary phase-shift keying (BPSK and QPSK) constellations by Hammons and El Gamal [8] , given any value of desired transmit diversity and rate , and for any number of transmit antennas , recently the author has provided a systematic method, termed unified construction [5] for constructing optimal block-and trellis-based space-time codes over a wide variety of -ary signal constellations , including the pulse-amplitude modulation (PAM), quadrature-amplitude modulation (QAM), and phase-shift keying (PSK) constellations as special cases. Space-time codes derived from unified construction are optimal with respect to the rate-diversity tradeoff (3). The construction calls for the maximal rank-binary code [22] , [24] , which is a linear matrix code with size , and satisfies that every nonzero code matrix has rank equal to or exceeding when measured in the binary field . Building on top of the maximal rank-binary codes, the unified construction consists of a collection of maximal rankcodes , and a unified mapper [5] ( 4) where is a complex, primitive th root of unity, is some nonzero element taken from the ideal and where is some nonzero complex number. By properly selecting the parameters and , the unified mapper projects the collection of matrices onto a code matrix over the desired signal constellation , e.g., -ary PAM, QAM, or PSK. Furthermore, the resultant space-time block (trellis) code has transmit diversity exactly . For instance, by setting and in the unified mapper (4), one obtains an optimal space-time code with -ary PSK signal constellation.
B. Super-Unified Construction
Recently, the modulation technique combining both amplitude modulation and phase-shift keying, hence termed AM-PSK (see Fig. 1 ) has attracted much attention in providing faster data rates in wireless and cellular communications [23] - [25] . In [24] , Dong et al. showed that by optimizing the amplitude ratios between different layers of PSK signal points, the AM-PSK constellation can provide certain error performance gain over the conventional QAM or PSK constellation while suffering slightly from the phase jitter. Also in [25] , Belzer et al. have demonstrated over the single-input single-output (SISO) Rayleigh-fading channel that the AM-PSK constellation can provide gains between 2 and 9 dB over PSK in terms of channel capacity. This is due to the further spread of information onto both the amplitude and phase of the constellation points, provided if the system has sufficient linearity and automatic gain control (AGC) to allow the amplitudes to be discriminated, as pointed out by one of the reviewers. Such argument is usually made in the case of a SISO channel with channel side information, where simple equalizers are nearly optimal [26] .
Motivated by the above potential advantages of AM-PSK constellations, in [27] Hammons proposed using the AM-PSK constellation in MIMO communication systems and presented a method for constructing space-time codes with AM-PSK constellations. The construction is termed dual-radii construction and is obtained by generalizing the parameter in the unified mapper (4) of the -ary PSK kind to a special form. We have provided in the Appendix the details of dual-radii construction for reference, see Theorem 12.
By taking advantages of the special structure of the unified mapper (4), Hammons then proposed in [27] a generalization of the dual-radii construction, termed super-unified construction, obtained by generalizing the parameter in (4) to a special form. The detailed construction is provided in the Appendix for reference, see Theorem 13. It should be noted that when setting the parameter in Theorem 13, the super-unified construction simplifies to the multiradii construction in [27] .
In this paper, we first generalize the dual-radii construction to the cases when the size of the constellation is a power of some prime
. The resultant space-time code is optimal with respect to the rate-diversity tradeoff and has an AM-PSK constellation with signal points distributed over -concentric circles in the complex plane, i.e., there are radii. The construction is thus termed -radii construction. We also identify rich classes of nontrivial subset-subcodes of the newly constructed space-time codes and show that these subset-subcodes are again, optimal. It turns out that the code derived from the dual-radii special A construction by Hammons in [27] is one of the subset-subcodes resulting from -radii construction. Finally, we present a generalization of the super-unified construction by extending the construction to the -adic case.
The present paper is organized as follows. In Section II, we present the -radii construction of space-time codes with -radii AM-PSK constellations. Also contained in that section is the identification of nontrivial subset-subcodes of the newly constructed space-time codes. Some further generalizations of the -radii construction, which can be regarded as generalizations of the super-unified constructions, are given in Section III. Finally, concluding remarks on how to decode the proposed codes together with some future works are presented in Section IV.
II. -RADII CONSTRUCTION
In this section, we will present a construction, termed -radii construction, for constructing space-time codes that are optimal with respect to the rate-diversity tradeoff and at the same time, have AM-PSK constellations with signal points distributed over -concentric circles in the complex plane, i.e., there are radii with -ary PSK signal points each. The construction makes use of the maximal rank--codes (see [5, Theorems 18 and 19] ), which are linear matrix codes with size over finite field , and satisfy that every nonzero code matrix has rank at least when measured in . We present the construction in the theorem as follows.
Theorem 1 ( -Radii Construction):
Let be a prime. Let be a collection of maximal linear rank--codes and let be a complex, primitive th root of unity. Choose such that . Then, the modulated space-time code (5) achieves transmit diversity exactly , where by we mean the Hadamard (componentwise) product [28] of matrices. The code has the following signal constellation:
which has radii with -ary PSK point each, i.e., has an AM-PSK constellation of size . Moreover, is optimal with respect to the rate-diversity tradeoff.
The preceding -radii construction can be regarded as a -adic generalization of the dual-radii construction in Theorem 12. Before proving the optimality of the construction, we first give an example to illustrate the usage of Theorem 1.
Example 1:
To construct a space-time code with AM--PSK constellation that achieves transmit diversity using Theorem 1, we shall set and to first constitute the -PSK constellation as . Theorem 1 then requires the parameter to satisfy (7) where , hence, we choose for instance (8) i.e., . Note that Theorem 1 does not require the codes and to be distinct, 1 and therefore, we are free to take (9) where is some maximal rank-ternary code. Finally, the space-time code (10) constructed using Theorem 1 has the AM--PSK signal constellation (see Fig. 2 ) (11) and achieves transmit diversity gain .
To prove Theorem 1 we require the following lemma.
Lemma 2: Let be a complex, primitive th root of unity. For any satisfying and for any (12) where the operator denotes the subtraction in . Proof: Note that for some , where the second equality follows from the binomial theorem. Dividing both sides by yields where the last congruence follows from Lemma 10 in Appendix.
By replacing with in the preceding proof and arguing in a similar fashion, we immediately obtain the following corollary. Armed with Lemma 2 and its corollary, we are now in position to prove Theorem 1.
Proof of Theorem 1: For any
, we first show that the difference matrix must have rank at least when measured in the complex field . To this end, we distinguish two cases. 
by Corollary 3 and Lemma 10 in the Appendix.
As is a linear maximal rank--code and by hypothesis, the difference matrix lies in and has rank at least when measured in . Hence, the difference matrix has rank at least over the complex field by Lemma 11 in the Appendix. , it follows that the size of equals . While it is clear that the signal constellation of is of the form it can be easily shown that the size of , as a set, equals . The proof is now completed by noting that the rate of equals .
A. Subset-Subcodes
It turns out that we can obtain many more optimal space-time codes by considering the subset-subcodes induced by the -radii construction. We say a space-time code with constellation is a subset-subcode of another space-time code with signal constellation if and , and, in addition, if has the same symbol rate and transmit diversity gain as . The latter restriction is for avoiding those trivial cases. The concept of subset-subcodes is analogous to that of the subfield-subcodes widely considered in conventional error control coding theory [29] . In this subsection, we will identify a series of subset-subcodes induced by the -radii construction that are also optimal with respect to the rate-diversity tradeoff (3) . By setting the code matrix equal to for some in (1), the following theorem gives an instance of subset-subcodes of the code derived from the -radii construction and a more general construction will be provided in Corollary 5.
Theorem 4:
Let be a prime and be a positive integer. Let be a collection of maximal linear rank--codes. Let be a complex, primitive th root of unity and be some number satisfying . Then, for some fixed , the modulated space-time code (15) achieves transmit diversity exactly , where by we mean the Hadamard (componentwise) product of matrices. The signal constellation for is (16) of size . is a subset-subcode of the space-time code constructed using the -radii construction in Theorem 1 with . Moreover, is optimal with respect to the rate-diversity tradeoff.
Proof: It follows directly from Theorem 1.
As a matter of fact, one of the constructions provided by Hammons in [27] , termed dual-radii special A construction, is a special case of Theorem 4 by setting and . In Fig. 3 , we demonstrate the signal constellations of all the subset-subcodes derived from Theorem 4 by setting and . By further generalizing the construction in Theorem 4, we present below rich classes of subset-subcodes. We will restrict ourselves only to the case of , while a more general construction can be easily obtained by extending the arguments. It will be shown that the number of distinct subset-subcodes is related to the Stirling numbers of the second kind [30] , [31] and the exact number is given by the Dobinski-type summation [32] .
Corollary 5: (Subset-Subcodes of -Radii Construction)
Let be a prime, and be positive integers with be a maximal linear rank--code, and let be a complex, primitive th root of unity. Choose such that . Let be positive integers such that when representing in the -adic form (17) the sets , are all disjoint. Then for some fixed , the modulated space-time code (18) achieves transmit diversity exactly with the following signal constellation (19) of size if , and
of size if . Moreover, the space-time code is a subset-subcode of the code derived from the -radii construction in Theorem 1 and is also optimal with respect to the rate-diversity tradeoff.
Proof: The achieved transmit diversity is at least following directly from the same arguments as in Theorem 1 and from the proper selection of 's. To see its optimality, it suffices to note that the space-time code is of size if , and otherwise. Hence, the code has the same rate as . The part on subset-subcode is straightforward.
In the case of , we have from Corollary 5. Moreover, the number of distinct subset-subcodes derived from Corollary 5 depends 2 on the number of ways of selecting plausible , which is given by (21) is the Stirling number of the second kind [30] , which is the number of ways of partitioning a set of elements into nonempty sets. is the Bell number [33] , which is the number of ways of partitioning a set of elements into 2 The reason for the dependence on f4 g rather than f g follows from the assumption of the linearity of the ingredient code C over . nonempty subsets. The first few Bell numbers for are , and . In the case of , the number of distinct subset-subcodes derived from Corollary 5 is (22) where is known as the number of Stirling transforms of the squares and can be obtained by evaluating the following infinite series: (23) which is a Dobinski-type summation formula [32] . The first few numbers of for are and .
Overall, the number of all distinct subset-subcodes derived from Corollary 5 is 3 (24) which is again a Dobinski-type summation. The first few numbers of for are and . We illustrate the above counting arguments through the following example.
Example 2:
Consider the code derived from the -radii construction when setting . The resultant space-time code is with signal constellation which is an AM-PSK constellation with radii, each consisting of PSK signal points. We wish to find all the subset-subcodes of derived from Corollary 5. There are two types, one for and one for . Type 1:
. There are distinct subsetsubcodes of belonging to this category, namely, 1) the trivial subset-subcode with constellation , i.e., the case when setting and ; 2) setting gives where denotes the all-zero matrix, with constellation 3) setting and gives having signal constellation 4) setting and gives 3 For the detailed derivation of the equalities in (24) we refer the reader to books on advanced combinatorics. See [31] for instance. It should be noted that all the ten subset-subcodes listed are optimal with respect to the rate-diversity tradeoff. Moreover, the subset-subcodes and are exactly the ones resulting solely from Theorem 4. In particular, when we illustrate the signal constellations for all ten subset-subcodes in Table I .
When setting
in Theorem 1, the -radii construction simplifies to the generalized unified construction for -PSK signal constellations (see [5, Th. 21] ) and the resultant space-time code is (25) Furthermore, the number of distinct subset-subcodes of resulting from Corollary 5 is equal to . For instance, in the case of , there are distinct subset-subcodes of , namely, the codes and in Example 2 with .
III. FURTHER GENERALIZATIONS OF -RADII CONSTRUCTION
The -radii construction presented in Theorem 1 can be extended to provide constructions of AM-PSK space-time codes with more than radii. This can be achieved by generalizing the key lemma, Lemma 2, of the -radii construction after replacing the parameter by a series of satisfying the following property (26) As a result, the following lemma is in fact the key to the generalization of the -radii construction as well as the generalization of the super-unified construction in Theorem 13.
Lemma 6:
Let be a prime and let be a complex, primitive th root of unity for some positive integer . For any , satisfying and and for any , we have the following congruence relation for the product difference: (27) Proof: Using the binomial expansion as in Lemma 2 we obtain for some . Now by dividing both sides by and arguing in a similar fashion as in Lemma 2, we obtain the desired result.
It should be noted that the selection of in Lemma 6 guarantees the 's are all distinct. To see this, we assume to the contrary that for some . Clearly, we have (28) hence, by hypothesis it implies that (29) or equivalently that (30) contradicting the fact that is a prime ideal 4 in when is a complex, primitive th root of unity, meaning that the number cannot be a unit in the ring of algebraic integers . For readers who might encounter difficulties in understanding the forthcoming generalizations of the -radii construction, the following two simple and short corollaries of Lemma 6 provide a great insight to the constructions as well as the techniques for proofs.
Corollary 7:
Let the series be chosen as in Lemma 6. Then the map (31) is an injection.
Proof: Suppose not and we have with 4 It should be noted that the argument on the ideal (10!) [!] being primitive holds true only when ! is a complex, primitive } th root of unity for some prime } in . For instance, if ! is a complex, primitive 6th root of unity, then it can be easily verified that (10!) = 0! , which is a unit, hence (10!) [!] =
[!], the whole ring of algebraic integers. For details on this subject, we refer the readers to [34] .
If
, then Lemma 6 implies that a contradiction. Thus, we must have . Now the proof is completed by induction on and .
Corollary 8:
Let and the series be chosen as in Lemma 6. Then the map (32) is an injection.
Proof: It suffices to show that for any the difference is always nonzero. The proof will proceed in a similar fashion as that in Theorem 1, hence, we will omit some details for the sake of brevity. First, if for some but for all , then by adapting the proving techniques used in Theorem 1 and Lemma 6, it can be shown that for some , where the last congruence follows from Corollary 3 and Lemma 10, and where by we mean the subtraction in . Since , we have by Lemma 10, which in turn implies . Now, the remaining case is the one when for all for some , but for all . Again, it can be shown that where the last congruence follows from Corollary 7 and Lemma 10. A similar argument as in the previous case shows .
One direct consequence following from Corollary 8 is that by selecting series of and as in Lemma 6, the set (33) is, in fact, nondegenerate, meaning as a set has size equal to . Furthermore, similar arguments can be made to show that the signal constellation for the super-unified construction in Theorem 13 is always nondegenerate as well, hence, the resultant space-time code is always optimal with respect to the rate-diversity tradeoff.
By uniting Lemma 6 for the selection of the series and the generalized unified construction [5] , in the following we present the -adic generalization of the super-unified construction in Theorem 13. For the sake of brevity, proof of this construction will be omitted. Nevertheless, by arguing, in a similar fashion as in Theorem 1 with techniques from Corollary 8, it is not hard to obtain the proof. The construction also includes the -adic generalization of the multiradii construction by Hammons in [27] as a special case.
Theorem 9:
Let and be positive integers. Let and be a collection of maximal linear rank--codes. Let be a complex, primitive th root of unity, and let be some number satisfying . For each , choose a nonzero and set (34) For any , the modulated space-time code (35) achieves transmit diversity exactly , where by we mean the serial componentwise product of matrices . Moreover, is optimal with respect to the rate-diversity tradeoff.
Note that the construction in Theorem 9 does not require the 's to be distinct. Thus, as a special case, we are free to set (36) for all , hence (37) The construction in Theorem 9 can be regarded as an ultimate generalization of several previously known constructions of optimal space-time codes, for instance, the unified construction (4), the generalization unified construction [5] , multiradii construction, and super-unified construction in [27] . Moreover, codes resulting from several previously known constructions are actually subset-subcodes of the one derived from Theorem 9, for instance the -radii construction in Theorem 1 and the generalized unified construction [5] . In particular, when setting and in Theorem 9, the resultant construction is a generalization of the multiradii construction, i.e., we have the following generalized construction: (38) with signal constellation (39) In other words, the multiradii construction can be obtained by setting in (38) . For the cases when , some example constellations resulting from (38) are given in Fig. 4 for illustration.
IV. CONCLUSION AND FUTURE WORK
In view of potential significant performance gains for coded modulation systems using AM-PSK rather than PSK constellation, in this paper, we have generalized several dyadic constructions by Hammons [27] to provide optimal constructions of space-time codes with AM-PSK constellations. Many codes resulting from perviously known constructions can be regarded as subset-subcodes of the one derived from this newly proposed construction. Other than achieving the optimal tradeoff, one great advantage of the proposed construction is that it provides a certain degree of freedom in selecting the parameter in Theorem 1 and similarly the parameters 's in Theorem 9. In general, by optimizing the selections of , one adjusts the amplitude ratios between different layers of PSK signal points, hence it might improve the performance of AM-PSK constellation as observed in [24] .
To decode the space-time codes derived from the -radii construction and the subsequent generalizations presented in this paper, it turns out that these codes can be expressed in a linear-dispersion form [35] , hence, they can be efficiently decoded using sphere decoding techniques [36] , [37] . Moreover, it has been demonstrated in [5] , Section IV, that the maximal rank--codes have a nice graphical representation over the Tanner graph [38] , and it is possible to decode these codes by making use of a belief propagation-based decoder [39] . However, the issues on how to simplify the design of the signal de-mapper for AM-PSK constellation as well as how to select the 's to reduce the phase jitter remain open and require further investigation.
APPENDIX
Several lemmas that are useful in proving theorems in this paper are presented here. The dual-radii and super-unified constructions by Hammons in [27] are also provided for reference.
Lemma 10 ([5]):
Let be a prime and let be a complex, primitive th root of unity, . Then the quotient ring
In terms of the language of algebraic number theory [34] , the preceding lemma actually follows from a series of facts: 1) the ring of algebraic integers is a Dedekind domain, 2) the ideal is a prime ideal due to the total ramification of into where is some unit in and where denotes the Euler totient function, and 3) prime ideals are maximal in the Dedekind domain. But as for calculating the modulo reductions, the following congruence identities can be very useful when reading throughout this paper.
1 (43) is nondegenerate, i.e., as a set it has size equal to , then the space-time code is optimal with respect to the rate-diversity tradeoff.
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